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Poynting effectThis article considers a static problem of torsion of a cylinder composed of incompressible, nonlinear-
elastic materials at large deformations. The cylinder contains a central, round, cylindrical inclusion that
was initially twisted and stretched (or compressed) along the axis and fastened to a strainless, external,
hollow cylinder. The problem statement and solution are based on the theory of superimposed large
strains. An accurate analytical solution of this problem based on the universal solution for the incom-
pressible material is obtained for arbitrary nonlinear-elastic isotropic incompressible materials. The
detailed investigation of the obtained solution is performed for the case in which the cylinders are com-
posed of Mooney-type materials. The Poynting effect is considered, and it is revealed that composite cyl-
inder torsion can involve both its stretching along the axis and compression in this direction without
axial force, depending on the initial deformation.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
When solving problems of the nonlinear theory of elasticity at
large strains in the case in which a body is loaded at several steps,
it is reasonable to use a mathematical tool of the theory of
repeatedly superimposed large strains (Levin, 1998; Levin and
Zingerman, 1998, 2008; Zingerman and Levin, 2009) when the
problem is stated and solved. For example, in Levin (1998) and
Levin and Zingerman (1998, 2008) this theory is used to solve
the problems of the stressed-deformed state of the previously
loaded nonlinear-elastic bodies with original holes in them. In
Zingerman and Levin (2009), an approximate solution to the
problems of the origin of an inclusion (a region with the other
properties) in a loaded body is obtained. In the present article, a
static problem of torsion of the cylinder composed of incompress-
ible, nonlinear-elastic materials is solved. The composite cylinder
consists of two parts: an inner, solid, round cylinder (which is
hereinafter referred to as inclusion) and an outer, hollow, round
cylinder. The inclusion was initially twisted and stretched (or
compressed) along the axis and fastened to a strainless, hollow,
outer cylinder. It is assumed that the radius of the inclusion and
the inner radius of the outer cylinder match exactly only after
the inclusion is subjected to the proposed initial deformation. Bothcylinders have the same length after the initial deformation of
the inner cylinder. The two cylinders are assumed perfectly bonded
at that intermediate deformation stage (no slippage is allowed
at their interface). Then the composite cylinder is twisted and
stretched (or compressed) along the axis.
An exact analytical solution of this problem is obtained for
arbitrary, nonlinear-elastic, isotropic, incompressible materials.
This solution is based on the universal solution for incompressible
materials – solving the problem of torsion, stretching, and
changing the diameter of the round cylinder (Rivlin, 1949; Green
and Adkins, 1960; Truesdell, 1972; Shield, 1982; Lurie, 1990;
Saccomandi, 2001; Horgan and Murphy, 2011). The detailed
investigation of the obtained solution is made for the case in which
the cylinders are composed of the Mooney-type materials
(Mooney, 1940).
The problem statement within the theory of repeatedly super-
imposed large strains can be formulated in the following way. Ini-
tially there are no stresses and strains in the inner cylinder. First,
this cylinder is deformed – twisted, stretched along the axis or
compressed – which involves changing the cylinder’s diameter
due to the material’s incompressibility. This deformation results
in the intermediate state of the cylinder, where it is in equilib-
rium. Then this cylinder is put into a hollow, non-deformed cylin-
der with an inner radius matching the ﬁrst (solid) cylinder radius.
The cylinders are fastened and additionally deformed – twisted,
stretched along the axis or compressed – which involves changing
their diameters as in the previous case. The composite cylinder
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face of the composite cylinder in this state is considered free of
loads, and an axial force and a twisting moment are applied to
its bases (Fig. 1).
The solution to this problem may be used for the analysis of
coated ﬁbers (Tsukrov and Drach, 2010) and allows us, in particu-
lar, to investigate the Poynting effect, which consists of changes to
a cylindric body’s length while torsion (Poynting, 1909). The re-
search on this effect for a homogeneous cylinder composed of an
incompressible material can be found in Zubov (2001).
Note that a number of problems of torsion of cylindrical or pris-
matic bodies at the large strains is solved in Zubov and Bogachkova
(1995). The research of buckling of a hollow, nonlinear-elastic cyl-
inder while it is under torsion, stretching along the axis and chang-
ing its diameter, can be found in Zubov and Sheidakov (2008). The
extension and torsion of a compressible elastic circular cylinder is
analyzed in Kirkinis and Ogden (2002). The combination of radial
dilatation, helical shear and torsion of a hollow cylindrical tube
made of an incompressible isotropic nonlinearly elastic material
is investigated in De Pascalis et al. (2007).
Saravanan and Rajagopal (2003, 2005) investigated the inﬂa-
tion, tension, torsion, and shearing of an inhomogeneous, nonlin-
ear-elastic, hollow circular cylinder under large strains. The
preliminary strain of a part of the cylinder is not considered in
those papers. It is assumed that the material properties vary along
the radial direction. The semi-inverse method is used to solve the
problems. Saravanan and Rajagopal (2003) solved the problems
for incompressible, isotropic materials. The solution in quadratures
is obtained. Saravanan and Rajagopal (2005) solved the problems
for compressible, isotropic materials. The problems are reduced to
the initial value problems for ordinary differential equations that
are solved numerically. It is shown that the inhomogeneity of the
material has a signiﬁcant inﬂuence on the state of strains and
stresses in the cylinder.Fig. 1. Loading of a composite cylinder. An axial force Q and a twisting moment G
are applied to the bases of the cylinder.2. Nomenclature
We use the notation that is typical for the theory of superim-
posed large strains (Levin, 1998):r Cauchy stress tensor
B the Finger strain measure
F total deformation gradient
Finit initial deformation gradient according to
the transition from the initial state to the
intermediate stateFadd additional deformation gradient i.e., the
deformation at the transition from the
intermediate state to the ﬁnal stateE identity tensor
trA ¼ A  E the trace of a second-rank tensor A
R the particle radius vector at the ﬁnal state
xs (s ¼ 1;2;3) Cartesian coordinates of the particles at the
initial (non-deformed) state
x0m ðm ¼ 1; 2; 3Þ coordinates at the intermediate state
Xk (k ¼ 1;2;3) coordinates at the ﬁnal state
ik coordinate orts of Cartesian coordinates
p pressure in the incompressible body that is
not expressed through deformation
q; h; f cylindrical coordinates of the particles of
the inner cylinder in a natural (non-
deformed) stater;u; z cylindrical coordinates of the particles of
the inner cylinder at the intermediate (pre-
stressed) state and of the particles of the
outer cylinder in a natural (non-deformed)
stateR;U; Z cylindrical coordinates of the cylinder
particles at the ﬁnal stateThe aforementioned coordinates are related with the Cartesian
coordinates as follows:
x1 ¼ q cos h; x2 ¼ q sin h; x3 ¼ f;
x01 ¼ r cosu; x02 ¼ r sinu; x03 ¼ z;
X1 ¼ R cosU; X2 ¼ R sinU; X3 ¼ Z:
Here, eq; eh; ef; er; eu, and ez; eR; eU; eZ are the orts tangent to
the coordinate lines of cylindrical coordinates:
eq ¼ i1 cos hþ i2 sin h; eh ¼ i1 sin hþ i2 cos h; ef ¼ i3;
er ¼ i1 cosuþ i2 sinu; eu ¼ i1 sinuþ i2 cosu; ez ¼ i3;
eR ¼ i1 cosUþ i2 sinU; eU ¼ i1 sinUþ i2 cosU; eZ ¼ i3:3. Initial strain of the inner cylinder
The initial (preliminary) strain of the inclusion is an axial stretch-
ing-compressing and torsion and is set by the following mapping
(Rivlin, 1949; Green and Adkins, 1960; Truesdell, 1972; Lurie, 1990)
r ¼ rðqÞ; u ¼ hþ w0f; z ¼ k0f; ð1Þ
w0 ¼ const; k0 ¼ const:
The tensor Finit corresponding to the initial strain (1) is ex-
pressed in the following way:
Finit ¼ drdq er  eq þ
r
q
eu  eh þ w0reu  ef þ k0ez  ef: ð2Þ
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stretch deﬁning the initial strain of the inclusion.
Based on Eq. (2) and the incompressibility constraint
det Finit ¼ rq
dr
dq
k0 ¼ 1;
we determine the function rðqÞ as follows:
rðqÞ ¼ k120 q: ð3Þ
With Eq. (3) considered, the expression in Eq. (2) takes the form
Finit ¼ k
1
2
0 ðer  eq þ eu  ehÞ þ w0reu  ef þ k0ez  ef: ð4Þ4. Strains and stresses in a composite cylinder
Let us consider the problem of torsion and stretching-
compression of a composite cylinder. A cylindrical inclusion under
the aforementioned deformation is put into a hollow, round cylin-
der that is in a natural, non-stressed state. It is assumed that the
radius of the inner cylinder (inclusion) and the inner radius of the
outer cylinder match exactly only after the inclusion is subjected
to the proposed initial deformation. The two cylinders have the
same length after the initial deformation of the inner cylinder.
The two cylinders are assumed perfectly bonded at that intermedi-
ate deformation stage (no slippage is allowed at their interface).
After fastening the central inclusion to the outer cylinder, a com-
posite cylinder is twisted, stretched, and compressed as an integral
unit by the forces applied to the cylinder bases. The outer cylinder
in the non-stressed state occupies the region 0 6 z 6 l; 0 6 u 6 2p;
r1 6 r 6 r0. Here, we determine the inclusion radius as
0 6 q 6 k
1
2
0r1. Let us take the conﬁguration in which the body points
have cylindrical coordinates r; u, and z as a reference conﬁguration
of a composite cylinder. This conﬁguration is natural for the outer
cylindrical shell and is pre-stressed for the central inclusion. We
determine the solution of the problem of joint torsion and axial
stretching-compression of a composite cylinder in the following
way:
R ¼ RðrÞ; U ¼ uþ wz; Z ¼ kz; 0 6 r 6 r0; ð5Þ
where w and k are the angle of twist and an axial stretch of a
composite cylinder (w; k ¼ const). The incompressibility constraint
allows us to determine the function RðrÞ as follows:
RðrÞ ¼ k12r: ð6Þ
Using Eqs. (5) and (6), we calculate the additional deformation
gradient Fadd:
Fadd ¼ k12ðeR  er þ eU  euÞ þ wReU  ez þ keZ  ez: ð7Þ
The total deformation gradient F for the inner cylinder is ex-
pressed in the following way (Levin, 1998):
F ¼ Fadd  Finit; Fadd ¼ @Xk
@xm0 ik  im; Finit ¼
@x0m
@xs
im  is: ð8Þ
There is no initial strain for the outer cylinder, and thus F ¼ Fadd
for this cylinder.
Let R1 and R0 be the radius of the internal cylinder and the
external radius of the external cylinder in the ﬁnal (deformed)
state, respectively. On the basis of Eq. (6), we have
R1 ¼ Rðr1Þ ¼ k 12 r1; R0 ¼ Rðr0Þ ¼ k 12 r0: ð9Þ
The constitutive relation for an arbitrary, isotropic, incompress-
ible, elastic material is the following (Lurie, 1990)
r ¼ v1ðI1; I2ÞB v2ðI1; I2ÞB1  pE; ð10Þwhere B is the Finger deformation tensor
B ¼ F  FT ; ð11Þ
v1 ¼ 2
@W
@I1
; v2 ¼ 2
@W
@I2
;
W I1; I2ð Þ is the strain-energy density function for an elastic mate-
rial; and I1, and I2 are the strain invariants I1 ¼ trB; I2 ¼ tr B1
 
.
The functions v1 and v2 of the inner cylinder’s material will be
referred to as v01 and v02 to distinguish them from the functions v1
and v2 of the outer cylinder’s material.
In view of Eqs. (10), (8), and (7), we obtain the expression of the
Finger deformation tensor B, the inverse of the Finger deformation
tensor B1, and the strain invariants in the internal cylinder
0 6 R < R 1 and in the external hollow cylinder R1 < R 6 R0.
In the region 0 6 R < R1:
B ¼ k10 k1ðeR  eR þ eU  eUÞ þ w0 þ k0wð Þ2R2eU  eU
þ k0k w0 þ k0wð ÞRðeU  eZ þ eZ  eUÞ þ k20k2eZ  eZ ; ð12Þ
B1 ¼ k0 kðeR  eR þ eU  eUÞ  w0 þ k0wð ÞR ðeU  eZ þ eZ  eUÞ
þ k10 k1 k10 k1 þ ðw0 þ k0wÞ2R2
h i
eZ  eZ ; ð13Þ
I1 ¼ 2k10 k1 þ w0 þ k0wð Þ2R2 þ k20k2;
I2 ¼ 2k0kþ k20 k2 þ k10 k1 w0 þ k0wð Þ2R2:
ð14Þ
In the region R1 < R 6 R0:
B ¼ k1ðeR  eR þ eU  eUÞ þ w2R2eU  eU þ kwRðeU  eZ
þ eZ  eUÞ þ k2eZ  eZ ; ð15Þ
B1 ¼ kðeR  eR þ eU  eUÞ  wRðeU  eZ þ eZ  eUÞ
þ k2 þ k1w2R2
 
eZ  eZ ; ð16Þ
I1 ¼ 2k1 þ w2R2 þ k2; I2 ¼ 2kþ k1w2R2 þ k2: ð17Þ
In view of Eqs. (10), (12), (13), (15), and (16), we obtain the fol-
lowing expression of the Cauchy stress tensor in a composite cylin-
der as a function of the coordinates R; U, and Z at the ﬁnal state:
r¼ðv01k10 k1v02k0kÞeReRþ v01 k10 k1þ w0þk0wð Þ2R2
h ih
v02k0k

eUeUþ v01 ðw0þk0wÞk0kþv02 ðw0þk0wÞ
 
RðeUeZþeZeUÞþ v01k20k2v02 ðk0kÞ2
hn
þk10 k1ðw0þk0wÞ2ÞR2
io
eZeZpðR;U; ZÞE; 06R<R1; ð18Þ
r ¼ ðv1k1  v2kÞeR  eR þ v1 k1 þ w2R2
 
 v2k
h i
eU  eU
þ ðv1wkþ v2wÞR ðeU  eZ þ eZ  eUÞ
þ v1k2  v2ðk2 þ w2k1R2Þ
h i
eZ  eZ  pðR; U; ZÞE;
R1 < R 6 R0: ð19Þ
According to Eqs. (18) and (19), a stress tensor in the problem of
torsion of a heterogeneous cylinder is expressed in the following
way:
r ¼ rReR  eR þ rUeU  eU þ rZeZ  eZ þ sUZðeU  eZ þ eZ  eUÞ:
ð20Þ
One can see from Eq. (20) that the stresses sRU and sRZ are identi-
cally equal to zero, and, consequently, these stresses are continuous
at the interface between the inner and outer cylinders. This fact is
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incompressible, isotropic elastic materials. So, it is necessary only to
provide the continuity of the stress rR in order to satisfy the condi-
tions of perfect bond between the cylinders.
The vectorial equilibrium equation written in the coordinates of
the ﬁnal state without body forces is
eR  @r
@R
þ 1
R
eU  @r
@U
þ eZ  @r
@Z
¼ 0; ð21Þ
which is equivalent to three scalar equations. In view of Eqs. (18)
and (19), two of them are expressed in the form
@p
@U
¼ 0; @p
@Z
¼ 0: ð22Þ
According to Eq. (22) we have p ¼ pðRÞ, which is determined
using the remaining equilibrium equation. In view of Eqs. (18)
and (19), this equation is expressed in the form:
drR
dR
þ rR  rU
R
¼ 0: ð23Þ
Since, according to Eqs. (18) and (19) the difference rR  rU
does not include the function pðRÞ, Eq. (23) allows us to easily
determine the stress rR, and then, using Eq. (18), we can determine
the function pðRÞ and the stresses rU and rZ . The stress rR, ob-
tained after solving Eq. (23), must be applied to the boundary con-
dition rR ¼ 0 at R ¼ R0 and to the condition of continuity at R ¼ R1.
As a result, we obtain the following distribution of stresses in a
composite cylinder:
rRðRÞ¼ w0þwk0ð Þ2
Z R1
R
v01 Rð ÞRdRw2
Z R0
R1
v1ðRÞRdR; 06R6R1; ð24Þ
rRðRÞ ¼ w2
Z R0
R
v1 Rð ÞRdR; R1 6 R 6 R0: ð25Þ
Using Eqs. (18) and (19), one can obtain the function pðRÞ and
the stresses rU; rZ , and sUZ .
This approach can be used for the arbitrary form of the strain
energy density function for incompressible, isotropic elastic mate-
rials. The functions v1ðRÞ; v01ðRÞ in Eqs. (24) and (25) are deter-
mined by substitution of the invariants I1; I2 from Eqs. (14) and
(17) to the expressions v1ðI1; I2Þ; v01ðI1; I2Þ that are determined by
the strain energy density functions. The only limitation is related
with the possibility to calculate the integrals in Eqs. (24) and
(25) analytically.
The realization of the deformation (see Eq. (5)) requires the
application of the axial force Q and the twisting moment G to each
base of a composite cylinder as follows:
Q ¼ 2p
Z R0
0
rZRdR; G ¼ 2p
Z R0
0
sUZR2dR: ð26Þ
Explicit expressions for the axial force and the twisting moment
follow from Eqs. (18), (19), (24)–(26) and (9):
Q ¼p
Z r1
0
2k20k2k10 k2k2 w0þk0wð Þ2r2
h i
v01 rð Þrdr
þ2p
Z r1
0
k0k20 k3k10 k3 w0þk0wð Þ2r2
h i
v02 rð Þrdr
þ2p
Z r0
r1
kk21
2
k2w2r2
 
v1 rð Þþ 1k3k3w2r2
 	
v2 rð Þ

 
rdr;
G ¼ 2p w0 þ k0wð Þk1
Z r1
0
k0v01ðrÞ þ k1v02 rð Þ
 
r3dr þ 2pwk1

Z r0
r1
v1 rð Þ þ k1v2 rð Þ
 
r3dr:These expressions, which may be used for arbitrary models of
incompressible, isotropic, elastic materials, describe the nonlinear
resistance of a composite cylinder to tension, compression, and
twist.
As an example, let us consider the expressions of the stress dis-
tribution, the axial force, and the twisting moment for a composite
cylinder for the case of Mooney material (Mooney, 1940), for which
v01 ¼ 2C01; v02 ¼ 2C02; v1 ¼ 2C1; and v2 ¼ 2C2;
C01 ¼ const; C02 ¼ const; C1 ¼ const, and C2 ¼ const are material
constants.
rR ¼
C01 w0 þ k0wð Þ2 R R21
 
þ C1w2 R21  R20
 
; 0 6 R 6 R1;
C1w
2 R2  R20
 
; 0 6 R 6 R0;
8><
>:
ð27Þ
rU ¼
C01 w0 þ k0wð Þ2 3R2  R21
 
þ C1w2 R21  R20
 
; 0 6 R < R1;
C1w
2 3R2  R20
 
; R1 < R 6 R0;
8><
>:
ð28Þ
rZ ¼
C01 w0 þ k0wð Þ2 R2  R21
 
þ2C01 k2k20  k1k10
 	
þC1w2 R21  R20
 
þ2C02 k0 k k20 k2
 	
2C02 w20k10 k1 þ 2w0wk1 þ k0w2k1
 	
R2; 0 6 R 6 R1;
2C1 k2  k1
 	þ C1w2 R2  R20 
þ2C2 k k2  w2k1R2
 
; R1 < R 6 R0;
8>>>>>>>>><
>>>>>>>>>:
ð29Þ
sZU ¼ 2C
0
1 wk0 þ w0ð Þkk0Rþ 2C02 w0 þ k0wð ÞR; 0 6 R < R1;
2ðC1kþ C2ÞwR; R1 < R 6 R0;
(
ð30Þ
Q k0; w0; k; wð Þ ¼ 2pC01 kk20  k2k10
 	
r21 
pC01
2
w0 þ k0wð Þ2k2r41
þ 2pC1 k k2
 	
r20  r21
 	 pC1
2
w2k2 r40  r41
 	
þ 2pC02 k0  k20 k3
 	
r21  pC02k10 k3 w0 þ k0wð Þ2r41
þ 2pC2 1 k3
 	
r02  r21
 	 pC2k3w2 r04  r41 	;
ð31Þ
Gðk0; w0; k; wÞ ¼ pC01 wk0 þ w0ð Þk1k0r41 þ pC1k1w r40  r41
 	
þ pC02k2 w0 þ k0wð Þr41
þ pC2k2w r04  r41
 	
: ð32Þ
The stress distribution on the bases of the composite cylinder is
determined by the expressions (29) and (30) for rZ and sZU, respec-
tively. In general case of arbitrary strain energy density function,
these stresses are functions of the radial co-ordinate. The forms
of these functions depend on the constitutive relations.
Using Eqs. (31) and (32), we can determine, in particular, the
values of the twist angle w and the axial stretch k of a composite
rod without external forces (Q ¼ G ¼ 0) at the set values w0; k0.
Then Eqs. (27)–(30) allow us to determine the stresses in the cylin-
der without external forces due to a pre-stressed inclusion. It is as-
sumed in the theory of rods (Love, 1927; Antman, 1995) that the
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applied to this base, are equal to zero. Because the lateral surface of
the cylinder (rod) is free of loads, and the bases of the rod are free,
we can consider the stresses in the composite cylinder in this case
as residual stresses. It should be noted that hereinafter in the paper
the sense of the term ‘‘residual stresses’’ partially differs from the
strict deﬁnition of this term which is given, for example, by Hoger
(1985). The stresses for the other values of Q and Gmay be consid-
ered as the solutions of the problem of torsion, stretching, and
changing the diameter of the composite cylinder with residual
stresses caused by the initial deformation of the inner cylinder.
As distinguished from the problems solved by Merodio et al.
(2013), the ﬁeld of residual stresses is not prescribed but is
determined from a given parameters k0 and w0 of the initial
deformation.Fig. 3. Distribution of the residual stress rU in terms of the radial coordinate R at
the ﬁnal state.
Fig. 4. Distribution of the residual stress rZ in terms of the radial coordinate R at
the ﬁnal state.5. Results of the numerical calculations
When describing the numerical results we will use the follow-
ing expressions for the constant materials:
C1 ¼ lð1þ bÞ4 ; C2 ¼
lð1 bÞ
4
; C01 ¼
l0ð1þ b0Þ
4
;
C02 ¼
l0ð1 b0Þ
4
; ð33Þ
where l0 and l are the shear moduli of the inner and outer cylin-
ders, respectively, and b0 and b are dimensionless constants. Note
that the positivity conditions of the deformation potential energy
are the following inequalities (Lurie, 1990)
l > 0; l0 > 0; 1 6 b 6 1; 1 6 b0 6 1:
Numerical calculations were made at the following parameter
values: shear modulus of the inclusion l0 ¼ 2l; b1 ¼ b ¼ 0:24;
r0 ¼ 2r1, initial tightening angle w0 ¼ ðr1Þ1; and initial axial
stretch k0 ¼ 2.
For a composite cylinder without external forces (Q ¼ G ¼ 0),
the tightening angle w  0:131ðr1Þ1 and the axial stretch at a to-
tal strain k  0:787 were determined. The distribution of residual
stresses in the composite cylinder in the coordinates of the ﬁnal
state for this case is demonstrated in Figs. 2–5 in which the stresses
are referred to the modulus l, and the radial coordinate R is re-
ferred to the radius r1. The discontinuity of the stresses conforms
to the boundary between the cylinders.
The dependence of the tightening angle w on the full axial
stretch k for the case in which the axial force equals 0 wasFig. 2. Distribution of the residual stress rR in terms of the radial coordinate R at
the ﬁnal state.
Fig. 5. Distribution of the residual stress sZU in terms of the radial coordinate R at
the ﬁnal state.analyzed. This dependence is demonstrated in Fig. 6 for different
values k0, and the tightening angle corresponds to the value ðr1Þ1.
Fig. 6 demonstrates that the Poynting effect is present in the
composite cylinder – i.e., the cylinder torsion involves its axial
stretching or compression. If k0 < 1, then at comparatively small
modulus tightening angles axial compression (k < 1) is present,
and in other cases axial tension takes place. If k0 > 1, then at any
tightening angles axial tension is present.
Fig. 6. Dependence of the tightening angle w on the axial stretch k for different
values of k0.
Fig. 7. Dependence of the twisting moment G on the axial stretch k for different
values of k0.
Fig. 8. Dependence of the tightening angle w on the axial stretch k for different
values of b.
Fig. 9. Dependence of the twisting moment G on the axial stretch k for different
values of b.
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that the sign of the Poynting effect in nonlinear-elasticmaterials de-
pends on whether additional inequalities hold for these materials.
In particular, this effect depends on whether so called ‘‘empirical
inequalities’’ (Truesdell, 1972) hold. It is shown that in an incom-
pressible body the empirical inequalities require the strict (positive)
Poynting effect to occur. In other words, the torsion of a homoge-
neous cylinder made of incompressible, isotropic, nonlinear-elastic
material causes to stretching of the cylinder provided that the
empirical inequalities hold for this material. For the Mooney-type
material, the empirical inequalities coincides with the conditions
of positivity for the strain-energy density function, i.e. C1 > 0, and
C2 P 0. Thus, for homogeneous rods made of Mooney-type materi-
als with C1 > 0, and C2 P 0, only positive Poynting effect may occur
(k > 1). But this statement is not true for composite, preliminary
strained cylinders made of Mooney-type materials. For thesecylinders, both positive (k > 1) and negative (k < 1) Poynting effect
may take place (Fig. 6). This is a non-trivial effect caused by the
initial deformation of the inner part of a cylinder.
Fig. 7 demonstrates the dependence of the twisting moment G
on the full axial stretch k for the case in which the axial force
equals 0 for different values k0. The twisting moment corresponds
to lðr1Þ3.
Figs. 8 and 9 demonstrate the dependencies of the tightening
angle w and the twisting moment G on k for different values of
the material constant b (within the limits 1 to 1). These depen-
dencies are demonstrated at the following parameter values:
l0 ¼ 2l; r0 ¼ 2r1; w0 ¼ 0:5ðr1Þ1; k0 ¼ 2, and b0 ¼ 0:24.
Figs. 8 and 9 demonstrate that the increase of b involves the in-
crease of the tightening angle w and the twisting moment G.
Fig. 10 demonstrates the dependence of the twisting moment G
on the tightening angle w for different values of w0 when the
Fig. 10. Dependence of the twisting moment G on the tightening angle w for
different values of w0 (these values, referred to r11 , are shown in the legend at the
bottom of the ﬁgure).
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made at the following parameter values: l0 ¼ 2l; b1 ¼
b ¼ 0:24; r0 ¼ 2r1. One can see from Fig. 10 that it is harder to
twist a cylinder with the inclusion which was pre-twisted in the
same direction than the cylinder with the inclusion which was
not pre-twisted, but it is easier to twist a cylinder with the inclu-
sion which was pre-twisted in the opposite direction than the
cylinder with the inclusion which was not pre-twisted.
6. Conclusion
The theory of superimposed large strains allowed us to obtain
and to investigate an exact solution to the problem of torsion of
a composite cylinder composed of incompressible, isotropic,
nonlinear-elastic materials. The inner part was under previous
torsion and axial stretching or compression. The detailed investiga-
tion of the obtained solution is obtained for the case in which the
cylinders are made of the Mooney-type materials. The distribution
of the residual stresses in a composite cylinder after taking off the
external loads is obtained. The Poynting effect is investigated, and
it is revealed that a composite cylinder torsion may involve both its
axial stretching and its compression in the same direction without
the axial force, depending on the initial deformation. This is a
non-trivial effect which does not take place for homogeneous
cylinders made of the Mooney-type materials.
Using the theory of repeated superposition of large deforma-
tions (Levin, 1998), one can generalize the obtained solution for
the case of composite cylinders with multiple preliminary
deformed layers. However, this generalization requires tedious
computations.This research was performed with the support of the Russian
Ministry of Education and Science within the Experimental Design
Agreement No. 07.524.11.4019, and with the support of the
Russian Foundation for Basic Research, Project No. 12-01-00038.
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